We prove a relative index theorem for Dirac operators acting on sections of an A ? C -Cli ord bundle, where A is some C -algebra. We develop the index theory of complex and real Callias-type Dirac operators.
Introduction
Let D : C 1 (M; E) ! C 1 (M; E) be a generalized Dirac operator acting on sections of a Z 2 -graded Cli ord bundle E over a complete Riemannian manifold. If zero is not in the essential spectrum ess -THEORETIC RELATIVE INDEX THEOREM   3 product structure on a collar neighbourhood of @ U. Moreover, we consider E 2jM 2 nU 2 with the opposite Cli ord bundle structure, where X 2 TM 2 acts by ?X and with the opposite grading. Let M ] := M 1 n U 1 @ U M 2 n U 2 and glue the bundles using the morphism given by Cli ord multiplication with the unit normal vector at @ U 1 (a nice reference for the relative index theorem, such glueing procedures and related topics is Boo / Wojciechowski 5] Roe 26] . Applied to compact manifolds, the relative index theorem is equivalent to the excision property of the index. The aim of the present section is to give a K-theoretic variant of this theorem, which applies also for operators acting on A ? C -Cli ord bundles, where A is a C -algebra over the base eld k = R; C. Such operators were considered rst by Mi s cenko/Fomenko 24].
Let M be a complete Riemannian manifold and A be a Z 2 -graded C -algebra. An A?C -Cli ord bundle E is a bundle of projective graded A-Hilbert-C -modules together with a metric connection and a Cli ord multiplication satisfying the Leibnitz rule and the compatibility with the scalar products of the bres. If the C -algebra A is not unital, then, by convention, a module V over A is called projective if 1 
B(V )
is compact (see Blackadar 4] for the de nition of compact operators over A-Hilbert-C -modules). Let D be the associated Dirac operator. We de ne Sobolev spaces H l , l 0, (see Fomenko/Mi s cenko 24] and (2)) which are A-Hilbert-C -modules.
We have D 2 B(H l ; H l?1 ), l 1. Our basic assumption is Assumption 1 (invertibility at in nity) There is a function f 2 C 1 c (M) such that f 0 and (D 2 + f) ?1 2 B(H 0 ; H 2 ) exists.
The index " c " stands for compactly supported. We can then construct a Kasparov module (see Blackadar 4] The reason for using the rather complicated notions of Kasparovs KK-Theory is that we want to apply the relative index theorem in the case of graded C -algebras. Until now, a reasonable extension of the index theory of Mi s cenko/Fomenko to graded algebras has not been developed. In this section we will use only the denition of the KK-groups and the equivalence relations 'compact perturbation' and 'operator homotopy'. Thus, nothing really deep is involved.
We will prove the following relative index theorem. Let 
In the present section we consider those applications which were our motivation for proving a K-theoretic relative index theorem. Let k := R, M n be complete, 1 A K-THEORETIC RELATIVE INDEX THEOREM   5 Riemannian and spin, E be the real Cli ord bundle with bres isomorphic to the Cli ord algebra C n;0 admitting a right C n;0 -action and V be a at bundle of AHilbert-C -modules over M. De ne the C n;0 A ? C -Cli ord bundle S := E V .
Assume that there is a compact set K M and a constant c > 0 such that for the scalar curvature s we have the estimate s jMnK c. We show that under some condition of bounded geometry on V the operator D is invertible at in nity (see Lemma 1.18).
We solve two problems suggested to the author by S. Stolz. The rst asserts that cutting and pasting at compact hypersurfaces with positive scalar curvature does not change the index of D (Theorem 1.16). The second problem is to construct, for any discrete group , a group homomorphism R n ( ) ! KK n (R; C r ( )); where R n ( ) is a group of n-dimensional B = B BSpin manifolds with prescribed positive scalar curvature metric at the boundary @M.
In view of the applications in the second section note that all the results of the present section remain true if one replaces the Dirac operator associated to the A ? C -Cli ord bundle by an A-equivariant Callias-type operator.
Analytical results
Let M be a complete Riemannian manifold and E be an A ? C -Cli ord bundle with associated Dirac operator D. We form the completions H l , l 0; of C 1 c (M; E) with respect to the norms
where the norm on the right-hand side is the pointwise norm coming from the AHilbert-C -module structure of the bres. The H l are A-Hilbert-C -modules with the A-valued scalar product
There is an analogue of Rellich's theorem. 
1=2 for some C < 1. 
holds by (3), (4) . Thus, DR( ) is bounded and satis es the desired estimate. We have to verify that it has an adjoint. Formally, (DR( )) = R( )D, but this does not make sense since D is not de ned on all H 0 . First we check that R( ) = R( ). (5), the compactness of the operator de ned by the integral on the r.h.s of (6) and Lemma 1.9 it is enough to show that LL ? 1 
We drop all terms that are integrable and compact and obtain the remainder S( ) := DR( )hD
All terms are compact and integrable in norm. The second integrand in (9) 
The rst term of the integrand is compact and integrable in the norm by Lemma 1.5. The second term can be written as D
and every term is integrable and compact, too. This proves the desired compactness in (11) . The theorem follows now from the following lemma. . Note that R n ( ) := S n ( )= is a group. A similar group has been considered by B. Hajduk. It is a special case of a construction due to S. Stolz 29] . Let C r ( ) be the reduced real group C -algebra of . Theorem 1.17 There is a canonical homomorphism R n ( ) ! KK n (R; C r ( )).
Proof: Let (M; N; F; h) 2 S n ( ). Choose a metric on M such that it is a product metric near N and restricts to h. Glue a metric cylinder 0; 1) N along the boundary of M and obtain the complete manifold M. Extend F constantly over the cylinder. F E is a -principal bre bundle. Associate C r ( ) and obtain a at bundle V with bre C r ( ) using the canonical action of on C r ( ) from the left. Let E be the real Cli ord bundle with bre C n;0 associated to the spin structure of M and form S := E V . S is a (C r ( ) C n;0 ) ? C -Cli ord bundle. Let D be the associated Dirac operator. The scalar curvature is positive at in nity.
Lemma 1.18 D is invertible at in nity
We can form f Mg 2 KK(R; C n;0 C r ( )). Clearly, the map associating the class f Mg to (M; N; F; h) 2 S n ( ) is additive. We must show that it factors through where the sum converges for j j large enough because of (12) and (13 They give non-trivial results on odd-dimensional manifolds.
There is an even-dimensional counterpart of the theory which starts with Z 2 -graded Dirac operators. The index problem for Callias-type operators on evendimensional manifolds has not been considered before.
In the present paper we adopt a more structural point of view (in contrast to 2], which focuses on the computation of the index). We will construct the endomor- 
It is very convenient to use the language of KK-theory. Thus, we associate to B := D + a Kasparov module which represents a class M] 2 KK(C g (M); C) and the restriction fMg 2 KK(C; C) = Z ( we again use the convention that the symbol M stands for all structures over M). We use the most general equivalence relation given by homotopy (see Blackadar 4 ], Jensen/Thomsen 20] for de nitions).
We will only need the de nition of the KK-theory and the characterization (not the existence) of the intersection product by connections. Note, that C g (M) is not separable.
The We will compute the maps g and u in terms of the index of Dirac operators on certain compact manifolds. Our main computational tools are the deformation invariance of fMg, vanishing theorems for fMg (e.g. if is invertible or if D is itself Fredholm) and the relative index theorem.
The idea of the index computation for a Callias-type operator is to use cutting and pasting and the vanishing theorems in order to reduce the problem to a cylinder over some compact hypersurface N. There, one can use separation of variables. This method was previously used by Roe 25 A large part of our methods also work in case of real operators and of operators being equivariant with respect to the action of some C -algebra A. The index of B is then an element of K (A) (or of KO (A) in the real case). Di culties arise in the case when A is in nite-dimensional. There are two critical points that have to be resolved. The rst one is to verify that D 2 + 1 is invertible. This is not obvious (at least to the author) and equivalent to the density of the image of D 2 + 1. We prove a special case in Lemma 1.18. The second problem arises in our computations on the cylinder. Here, we explicitly identify kernels of two operators living on di erent spaces and want to conclude that their indices coincide. This is true if the kernels are complemented projective modules. However, in general this is not the case and one has to interpret the index as in Fomenko/Mi s cenko 24] (assuming A ungraded to avoid even more complications). We hope to solve these problems (at least partially) in a forthcoming paper.
For the purpose of the present paper we consider examples of Callias-type operators being equivariant with respect to some real Cli ord algebra A := C k;0 . Recall that C k;l is the real or complex Cli ord algebra (depending in the context) generated by e 1 ; : : : ; e k+l subject to the relations e i e j + e j e i = 8 > < > :
e j = ?e j , j k and e j = e j , l + k j > k.
In order to keep the paper in a reasonable size we have decided to be somewhat sketchy with the analytical details of the proofs. While, in the rst section, we have to overcome serious analytical problems due to the presence of in nite-dimensional C -algebras, in the second part the arguments are much more standard. In several places we claim the compactness of a certain operator, that can be veri ed using the same methods as in the rst section. We freely use product structures for Dirac operators near hypersurfaces, where we perform cutting and pasting. The details can be found e.g in Boo /Wojciechowski 5]. 
Then fMg only depends on the class of p in K-theory. In fact, two di erent choices of the lift P can be deformed into each other such that we get a deformation of the corresponding admissible 's. Stabilization results in forming a direct sum of B with some invertible operator of Dirac type. Homotopies of p inside nite matrices can be lifted to homotopies of the P and thus of the inside the admissible endomorphisms. Let c be the admissible endomorphism over the cylinder. By a further deformation over compact sets we can assume that c = jN , where is a smooth function on R N depending only on the rst coordinate such that (r; n) = sign(r) for jrj 2 Since the index of a Dirac operator on an odd-dimensional manifold vanishes, we have u = 0 if M is even-dimensional. We have employed that has entries in C 1 g (M) and that 2 ?1 2 C 0 (M) Mat(2l). 2
Interpretation as KK-intersection product
The algebra C g (M) is not separable. Therefore, we use the strongest equivalence relation generated by homotopy. Other equivalence relations may give di erent KKgroups. In the literature, in order to construct the product it is assumed in general that the algebra in the rst place of the KK-group is separable. We do not use an abstract existence theorem, we rather write down an explicit module representing the product. In order to avoid non-separable algebras one could also consider the modules over C instead of C g (M) at the cost of losing some pieces of information. 
Thus, we have interpreted the pairing on the l.h.s. of (18) as the index of a Calliastype operator. The author was informed by S. Hurder that G. Yu has a more satisfactory proof (unpublished) of the above fact solely using K-theoretic arguments.
Real Callias-type operators
In this section we consider KK-theory for real C -algebras and C g (M); C 0 (M) etc.
consist of real functions.
Let M be a complete Riemannian manifold and E ! M be a real Z 2 -graded Cli ord bundle over M admitting a right action of the real Cli ord algebra C n;0 . Let z be the grading operator. The Dirac operator D E is C n;0 -equivariant and THEORY FOR CALLIAS TYPE OPERATORS   36 f e ! fze, where e 2 R k , f 2 C 0 (M) and z is the Z 2 -grading. We assume that R k R n generates C 0;k as well as C k;0 C n;0 and e acts by the right multiplication. Let R n?k = (R k ) ? R n generate C n?k;0 , then C n?k;0 commutes with fze, e 2 R k .
If we restrict the right multiplication to C n?k;0 , then we get a Kasparov module (H; is the class associated to B.
Let fMg 2 KK(R; C 0;n?k ) be the restriction of M].
In order to compute fMg we will make a special choice of . Let f 2 C(@ h M) R k be given such that f 2 = ?1, i.e. f has values in the unit sphere. Let F 2 C 1 g (M) R k be a lift of f and set := zF.
We can assume that 0 is a regular value of F. Then N := F ?1 (0) is a compact manifold of dimension n?k. We use F in order to identify a small neighbourhood of N with D k N, where D k is the unit disk in R k . After deformation of the metric we can assume that F is an isometry on this neighbourhood. LetF be a deformation of F in a neighbourhood of N such thatF(x; n) = x=jxj in a neighbourhood of We glue the Cli ord bundles using the odd morphism given by left multiplication with the unit normal vector eld at the boundary S k?1 N. By the relative index theorem fM 2 g = fM 3 g, but fM 3 g = 0. In fact, M 5 is compact and 5 can be deformed to zero. The Dirac operator itself, without perturbation, is equivariant with respect to a larger Cli ord algebra. On M 4 an essential support of the admissible endomorphism is empty. Hence fMg = fM 1 g. Thus, we have reduced the problem to a product M 1 = R k N, where 1 (x; n) = zx=jxj for jxj 1. Let M := M 1 and := 1 for a moment. The Cli ord bundle S ! R k N is the pull back of a bundle S k over N admitting a right action of C n;0 and a left action of C k;0 (which commutes with the action of the Cli ord algebra bundle of N in a graded way). This left action is used to de ne the Cli ord multiplication with TR k on pr N S k in order to obtain the Cli ord bundle S over R k N. We want to use induction in k. In order to employ the product structure R k = R R k?1 we have to deform such that it respects this product structure. For 1=2 > > 0 let 2 Let now R k = R R k?1 and n be the unit normal vector in the R-direction. by the following procedure. Let e := zlr, where l is the action of n from the left and r is the action of n from the right. e is an even involution of S k . Let S k?1 be the positive eigenspace of e. Then S k?1 admits a C n?1;0 -action from the right, where C n?1; is generated by R ? R n , 38 is a Cli ord bundle over N and admits a C k?1;0 action from the left commuting in the graded sense with the action of the Cli ord algebra bundle of N. In fact, the generators of C k?1;0 acting from the left and of C n?1;0 acting from the right commute with the involution e. ). All identi cations we have made respect the structure of graded C n?k;0 -modules. This proves the Proposition since the class fMg is determined by the kernel of the Callias-type operator as a graded C n?k;0 -module. 2 We come now back to the general situation. Let M be a complete Riemannian manifold and S ! M be a real Z 2 -graded real Cli ord bundle over M admitting a right C n;0 -action with associated Dirac operator D. Let 
